Let G be a finite group acting on a connected compact surface Σ, and M be an integer homology 3-sphere. We show that if each element of G is extendable over M with respect to a fixed embedding Σ → M , then G is extendable over some M ′ which is 1-dominated by M . From this result, in the orientable category we classify all periodic automorphisms of closed surfaces that are extendable over the 3-sphere. The corresponding embedded surface of such an automorphism can always be a Heegaard surface.
Introduction
We work in the smooth category, mainly consider oriented manifolds, and use Aut(·) to denote the orientation-preserving automorphism group of a manifold.
Let Σ be a compact oriented surface and M be an oriented 3-manifold, where Σ and M are possibly disconnected. An element f in Aut(Σ) is extendable over M with respect to an embedding e : Σ → M if there exists an element f ′ in Aut(M ) such that f ′ •e = e•f . A subgroup G in Aut(Σ) is extendable over M with respect to an embedding e : Σ → M if there exists a group monomorphism φ : G → Aut(M ) such that φ(h) • e = e • h for any h ∈ G. If Σ ⊂ M , then the embedding is the inclusion map when we talk about "extendable".
Let Σ g be a closed connected oriented surface of genus g. We are interested in the following question, where the most interesting and basic case is when M is the 3-sphere S 3 . Question 1.1. How to classify the finite subgroup in Aut(Σ g ) such that each of its element is extendable over M with respect to a fixed embedding Σ g → M ?
For closed connected oriented 3-manifolds M and M ′ , M ′ is 1-dominated by M , denoted by M 1 M ′ , if there exists a degree one map M → M ′ .
For integer homology 3-spheres, we have the following result.
Theorem 1.2. Given an integer homology 3-sphere M and a finite subgroup G in Aut(Σ g ), if there is an embedding e : Σ g → M such that each element of G is extendable over M with respect to e, then there exists an integer homology 3-sphere M ′ such that M 1 M ′ and G is extendable over M ′ .
Note that on the set of integer homology 3-spheres 1 is a partial order relation (see Proposition 2.4), and for a given M there are only finitely many M ′ satisfying M 1 M ′ (see [BRW] and [Liu] ). As an example, when M is the Poincaré homology sphere S 3 P , Question 1.1 reduces to classifying the finite subgroup that is extendable over S 3 P or S 3 . Especially, when M is S 3 , we have the following result. Theorem 1.3. A finite subgroup G in Aut(Σ g ) is extendable over S 3 if and only if there is an embedding e : Σ g → S 3 such that each element of G is extendable over S 3 with respect to e.
Because every element in Aut(S 3 ) is isotopic to the identity (see [Ha] ) and every finite subgroup in Aut(S 3 ) can be conjugated into SO(4) (see [Pe] ), Theorem 1.3 means that if a finite subgroup in Aut(Σ g ) can be realized by topological motions of S 3 (or R 3 ), then it can be realized by isometric motions of S 3 . Note that finite subgroups in Aut(Σ g ) that are extendable over S 3 with order bigger than 4(g − 1) can be classified (see [WWZZ] ). The following theorem classifies the finite cyclic subgroups in Aut(Σ g ) that are extendable over S 3 (see also Remark 4.4) .
Given a finite subgroup G in Aut(Σ g ), we can obtain an orbifold Σ g /G. Suppose that it has underlying space Σ r and s singular points of indices n 1 , · · · , n s . Then the fundamental group π 1 (Σ g /G) has a presentation (see Figure 1 in Lemma 4.2)
The G-action on Σ g gives an epimorphism ψ : π 1 (Σ g /G) → G which is injective on finite subgroups of π 1 (Σ g /G). We call such ψ a finitely-injective epimorphism.
Theorem 1.4. A finite cyclic subgroup G in Aut(Σ g ) is extendable over S 3 if and only if the orbifold Σ g /G and the finitely-injective epimorphism ψ satisfy: (a) there exist co-prime positive integers p, q such that n 1 , · · · , n s ∈ {p, q}; (b) if n i = n j for some i = j, then either ψ(γ i ) = ψ(γ j ) or ψ(γ i γ j ) = 1; (c) γ 1 , · · · , γ s can be partitioned into pairs γ i , γ j such that ψ(γ i γ j ) = 1. Two such subgroups G and G ′ are conjugate in Aut(Σ g ) if and only if they are isomorphic and Σ g /G and Σ g /G ′ are homeomorphic. Moreover, the corresponding embedded surface of such a subgroup G can always be a Heegaard surface.
Actually, if such a G does not give free actions on Σ 1 , then its conjugate class is determined by Σ g /G, which can be enumerated by the Riemann-Hurwitz formula. We also has a standard form of the G-action (see Example 4.3). As a comparison, there exist finite subgroups in Aut(Σ 21 ) and Aut(Σ 481 ) which are extendable over S 3 , but the embedded surfaces cannot be Heegaard surfaces (see [WWZZ] ). It is worth to mention that if a homeomorphism of Σ 2 is extendable over S 3 , then its corresponding embedded surface can always be a Heegaard surface [FK] .
After giving some preparations in Section 2, we will prove a stronger version of Theorem 1.2 in Section 3 and generalize the result to general actions on compact manifolds. Then, in Section 4, we will prove Theorem 1.4 and give some intuitive examples which can also be read directly after the introduction. As the end of the introduction, we mention some literatures related to Question 1.1:
1. There are many results about extending finite group actions on Σ g to some 3-manifold bounded by Σ g . For example, finite cyclic group actions are analyzed in the pioneer work [Bo1] , and finite abelian group actions are analyzed in [RZ] .
2.
A result similar to our Theorem 1.3 has been obtained in [Fl] for finite cyclic group actions on finite 3-connected graphs. In this direction, the recent results in [FY] are close to the style of our Theorem 1.2.
3. To get an intuition about the symmetries on surfaces, a sequence of papers on embedding symmetries of Σ into those of S 3 appeared recently, including [WWZZ1] , [WWZZ] and [GWWZ] . The first two devote to maximum order problems, and the third one lists all extendable finite cyclic group actions on Σ 2 . The present research is inspired by those papers.
Relation " " and property "Σ g -splittable"
In this section, we introduce two concepts that will be used in our main result Theorem 3.1. Let M denote the set of closed connected oriented 3-manifolds. We first define the relation on M and give some properties about this relation. Then we define Σ g -splittable for manifolds in M.
For M in M and a compact connected 3-manifold N embedded in M , let M − N denote the closure of M − N , and let ∂N denote the common boundary of N and M − N . If ∂N is a torus, then up to isotopy there exists a unique simple closed curve c in ∂N such that [c] = 0 in H 1 (∂N, Q) but [c] = 0 in H 1 (M − N , Q), by the following "half-live half-die" lemma. Hence, we can obtain a closed 3-manifold M ′ from N by filling a solid torus into ∂N , mapping the meridian to c.
Definition 2.2. For M and M ′ in M, if M ′ can be obtained from M as in the above construction, then define the relation M s M ′ ("s" for "surgery"). All the relations " s " generate a reflexive and transitive relation on M, denoted by " ".
Note that if M ′ can be obtained from M by pinching an embedded compacted 3-manifold whose boundary is a sphere or a torus to a ball or a solid torus, then M s M ′ . We also have another relation H on M, where M H M ′ if and only if there is an epimorphism
Proof. Suppose that M s M ′ , N is the compact 3-manifold embedded in M , and c is the simple closed curve in ∂N . By the MV-sequence of homology groups,
where "Im(·)" denotes the image of the map. There is a similar equality for M ′ with M − N replaced by the solid torus which is filled into ∂N along c.
Let Then, c bounds a surface in M − N and there is a degree one map from M − N to a solid torus, which is identity on ∂N and maps the surface to a meridian disk. Combined with the identity on N , we get a degree one map from M to M ′ . Then, H 1 (M ′ , Z) = 0 and M ′ is also an integer homology 3-sphere.
The general case when M M ′ can be obtained by induction since on each step we have an integer homology 3-sphere.
Proposition 2.4. On the set of integer homology 3-spheres the relation 1 is a partial order relation, hence is also a partial order relation.
Proof. We need to show that 1 is antisymmetric on the set of integer homology 3-spheres. Suppose that M and M ′ are two integer homology 3-spheres such that M 1 M ′ and M ′ 1 M . Since the fundamental groups of manifolds in M are residually finite (see [He2] for Haken manifolds, the general case can be proved similarly based on Thurston's geometrization conjecture), they are hopfian groups. Then since degree one maps induce epimorphisms between fundamental groups, π 1 (M ) and π 1 (M ′ ) are isomorphic.
Let f : M → M ′ denote the degree one map and f * : π 1 (M ) → π 1 (M ′ ) be the induced map. By the prime decomposition theorem of 3-manifolds, there exists a compact 3-manifold N 0 embedded in M such that ∂N 0 consists of spheres, N 0 is homeomorphic to S 3 , and for each component N of M − N 0 the 3-manifold N is an irreducible integer homology 3-sphere. Suppose that M − N 0 has m components, denoted by N 1 , N 2 , · · · , N m . Let M i be N i , where 0 ≤ i ≤ m. Similarly for M ′ we can have N ′ j and M ′ j , where 0 ≤ j ≤ m ′ . By the positive solution of Poincaré conjecture (see [Pe] ), we can assume that neither π 1 (M i ) nor π 1 (M ′ j ) is trivial for i, j ≥ 1. We can further assume that the base points of M and M ′ lie in N 0 and N ′ 0 respectively, and f preserves the base points. Then π 1 (M i ) and π 1 (M ′ j ) can be embedded in π 1 (M ) and π 1 (M ′ ) according to the decompositions given by N i and N ′ j respectively. By the Grushko decomposition theorem (see [He1] ), m = m ′ and there exists a permutation σ of {1, 2, · · · , m} such that f * (π 1 (M i )) and π 1 (M ′ σ·i ) are conjugate in π 1 (M ′ ) for each 1 ≤ i ≤ m.
By the positive solution of Thurston's geometrization conjecture and Borel conjecture in dimension three, an irreducible integer homology 3-sphere is determined by its fundamental group. Moreover, all these 3-manifolds are aspherical, except S 3 and the Poincaré homology sphere S 3 P . Hence M i and M ′ σ·i are homeomorphic for each 1 ≤ i ≤ m. Note that M i and M ′ σ·i have the induced orientations from M and M ′ respectively. We need to show that the homeomorphisms between M i and M ′ σ·i can be chosen to preserve the orientations. Then as connected sums the oriented 3-manifolds M and M ′ are homeomorphic.
Fix 1 ≤ i ≤ m, there is a degree one map f ′ i : M ′ → M ′ σ·i obtained by pinching each N ′ j with j = 0, σ · i to a point. Since π 2 (M ′ σ·i ) is trivial, the degree one map f ′ i • f induces a family of maps f ji : M j → M ′ σ·i where 0 ≤ j ≤ m, and we have the equality m j=0 deg f ji = 1, where "deg" denotes "degree". If M ′ σ·i is aspherical, then f ji with j = i are all null-homotopic, and we have deg f ii = 1. If M ′ σ·i is S 3 P , then 120 | deg f ii − 1, and there exists a degree one map from M i to M ′ σ·i . In each case, the degree one map is homotopic to a homeomorphism (see [Su] ).
Example 2.5. Neither 1 nor is antisymmetric on the set of lens spaces.
Let N ′ be the product S 1 ×A, where A is an oriented annulus whose boundary has the induced orientation. Together with an orientation of S 1 we get orientations of N ′ and ∂N ′ . Given integers a 1 , b 1 , a 2 , b 2 such that all the greatest common divisors (a 1 , b 1 ), (a 2 , b 2 ), (a 1 , a 2 ) are equal to 1, a closed 3-manifold M can be obtained from N ′ by filling solid tori into the boundary tori, mapping the meridians to the curves of slopes b 1 /a 1 and b 2 /a 2 respectively.
Choose a disk D in the interior of A, whose boundary has the induced orientation from D. Let N be the product S 1 ×D. Then the curve of slope (a 1 b 2 +a 2 b 1 )/(a 1 a 2 ) in ∂N bounds a surface in M − N . A closed 3-manifold M ′ can be obtained from N by filling a solid torus into ∂N , mapping the meridian to this slope.
Note that (a 1 b 2 + a 2 b 1 , a 1 a 2 ) = 1, M is the lens space L(a 1 b 2 + a 2 b 1 , ma 2 + nb 2 ) where m and n are integers satisfying the equality ma 1 − nb 1 = 1, and M ′ is the lens space L(a 1 b 2 + a 2 b 1 , a 1 a 2 ). The above constructions show that M 1 M ′ and M M ′ . Below we will show that if integers p, q 1 , q 2 satisfy (p, q 1 ) = (p, q 2 ) = 1 and q 1 q 2 ≡ r 2 (mod p) for some integer r, then there exist
Since (p, q 1 ) = (p, q 2 ) = 1, we have (p, r) = 1 and there exists an integer q * 1 such that q 1 q * 1 ≡ 1 (mod p). Let a 1 = rq * 1 + p, a 2 = r, then (a 1 , a 2 ) = 1. Hence there
. Finally, since (a 1 , b 1 ) = 1, there exist integers m and n such that ma 1 − nb 1 = 1, and we have ma 2 + nb 2 ≡ mr ≡ ma 1 q 1 ≡ q 1 (mod p).
Proof. If an embedded Σ g does not separate M , then locally add 1-handles to Σ g . Clearly M is not Σ k -splittable for k ≥ g. M is not a rational homology 3-sphere if and only if there is an epimorphism H 1 (M, Z) → H 1 (S 1 , Z), which can always be induced by a map from M to S 1 . The latter condition is equivalent to that M contains a closed two sided surface which does not separate M (see [He1] ).
Proof. When g = 0, this is equivalent to that M does not contain S 1 × S 2 as a prime factor. Assume that it is true for g = k − 1. When g = k, we only need to show the "if" part. By induction, we can assume that the embedded Σ k in M is incompressible. For a sphere in M intersecting Σ k transversely, an innermost disk in the sphere together with a disk in Σ k will form a sphere separating M . Then we can remove the intersection by an isotopy or reduce the problem to a 3-manifold with fewer prime factors. Hence the proof can be finished by induction.
Example 2.9. Any spherical 3-manifold is a rational homology 3-sphere, hence is Σ g -splittable for any g. Any hyperbolic 3-manifold in M contains no incompressible torus, hence is Σ 1 -splittable. Any irreducible 3-manifold is Σ 0 -splittable. S 1 × S 2 is not Σ g -splittable for any g. The mapping torus of a hyperelliptic involution of Σ g is not Σ g -splittable, but it is Σ k -splittable for any k < g.
Extension of periodic automorphisms
In this section, we prove our main result Theorem 3.1. By Proposition 2.7, it implies Theorem 1.2. We also discuss several generalizations of Theorem 3.1, summarized as Theorem 3.9 and Theorem 3.10.
Its proof uses similar ideas as [Bo1] , as well as [Fl] . According to the sphere and torus/annulus decompositions of M − Σ g , we can change complicated 3-manifolds embedded in M − Σ g into 3-balls or solid tori such that G is extendable, and each replacement corresponds to a relation . We first list several fundamental results in the 3-manifold theory that will be used in the proof.
In what follows, Lemma 3.2 is based on Kneser-Milnor's sphere decomposition theorem (see [Bo1, Lemma A.1] ). Theorem 3.3 can be found in [Bo1] . Theorem 3.4 is based on the JSJ-decomposition theorem and Thurston's hyperbolizaion theorem (see [Bo2] ). Lemmas 3.5 and 3.6 can be found in [Bo1, Propositions 4.1 and 4.3] for cyclic G and closed ∂ I Z. Theorem 3.7 is based on Mostow's hyperbolic rigidity theorem and Waldhausen's isotopy theorem (see [Bo2] and [Wa] ).
Lemma 3.2. Let X be a compact connected oriented 3-manifold with ∂X = ∅. As in Proposition 2.4, there exists a collection of disjoint spheres S in X − ∂X, which decomposes X into a punctured S 3 and several one-punctured prime factors. Suppose that S and S ′ are two such collections, then there exists an element f in Aut(X) such that f (S) = S ′ and f fixes ∂X.
Theorem 3.3. Let X be an irreducible compact connected oriented 3-manifold with ∂X = ∅. Then, up to isotopy, X contains a unique compression body V such that the external boundary ∂ e V is equal to ∂X, the closure X − V contains no essential compression disk for its boundary ∂ i V , and no component of X − V is a 3-ball.
Theorem 3.4. Let Y be a compact connected oriented 3-manifold with ∂Y = ∅, which is irreducible and boundary irreducible. Then, up to isotopy, there is a unique minimal collection of disjoint properly embedded essential tori and annuli T in Y such that for every piece Z obtained by cutting Y along T , either (i) Z is an I-bundle over a compact surface, where "I" denotes the unit interval, such that the corresponding ∂I-bundle is equal to Z ∩ ∂Y , or (ii) Z is a Seifert manifold such that Z ∩ ∂Y is a union of fibers, or (iii) Let Z * be the manifold obtained by removing the tori in ∂Z and the annuli in ∂Z ∩ T , then Z * admits a complete hyperbolic structure with totally geodesic boundary and with finite volume, and the removed torus and annuli in ∂Z are limits of ends of Z * .
Lemma 3.5. Let V be a connected oriented compression body. For a finite subgroup
Lemma 3.6. Let Z be a connected oriented I-bundle over a compact surface with negative Euler characteristic. Let ∂ I Z denote the ∂I-bundle. For a finite subgroup
Theorem 3.7. Let Z * be a connected oriented complete hyperbolic 3-manifold with (possibly empty) totally geodesic boundary and with finite volume. (Note that the finite volume condition implies that the ends of Z * are annular or toral.) Then each element in Aut(Z * ) is isotopic to a unique isometry in Aut(Z * ). Moreover, the isometry must have finite order.
We sketch proofs of Lemmas 3.5 and 3.6 according to [Bo1] .
Proof of Lemma 3.5. By classical results in differential topology, Lemma 3.5 holds when V is a 3-ball or an I-bundle over ∂ e V . Below we assume that ∂ e V has genus bigger than one and contains an essential simple closed curve that bounds a disk in V . As in [Th] , we can choose a G-invariant hyperbolic structure on ∂ e V . Then among the essential curves that bound disks in V there exists a curve c having the minimum length.
Since V is irreducible, each extension h ′ in Aut(V ) can be deformed to preserve the collection of disks D by an isotopy fixing ∂ e V . We can deform h ′ extending the G-action onto a regular neighborhood U of the union of ∂ e V and D. On V − U we can use results about 3-balls and I-bundles, or repeat the above procedure. The proof can be finished by induction on the genus of the external boundary.
Proof of Lemma 3.6. Let Σ denote the 0-section of the I-bundle. We first consider the case that Σ is closed and orientable, then Z = Σ × [0, 1]. We will follow the argument in [Bo1] . For each element g ∈ G, let ρ i (g) : Σ → Σ be the map induced by the restriction of g on Σ × {i}, i = 0, 1. Then ρ 0 , ρ 1 are two representations of G into Aut(Σ). Since G is finite, we can equip Σ with a conformal structure m i for which the ρ i (G) action is conformal, i = 0, 1. By Teichmüller theory, given any homeomorphism f of Σ, there is a unique quasi-conformal map τ f from the Riemann surface (Σ, m 0 ) to the Riemann surface (Σ, m 1 ) with constant dilatation, such that τ f is isotopic to f . Since m i is preserved by ρ i (g), and since ρ 0 (g) and ρ 1 (g) are isotopic, it follows from the uniqueness of the Teichmüller mapping τ f that
Thus τ id realizes a conjugacy from ρ 0 (g) to ρ 1 (g) for each g ∈ G, and is isotopic to the identity. Let R t : Σ → Σ be the isotopy with R 0 = id, R 1 = τ id . We define
If Σ is non-orientable, Z is the orientable twisted I-bundle over Σ, and Z is doubly covered by Z = (∂Z)×[0, 1]. Each h ∈ G lifts to two maps h 1 , h 2 ∈ Aut(∂Z). Let G < Aut(∂Z) be the group consisting of all such lifts, then every element in G extends over Z by lifting the corresponding h ′ . We can apply the case in the last paragraph to get a monomorphism G → Aut(Z). Modulo the covering involution, we can get our φ.
If ∂Σ is nonempty, then ∂Z is the union of ∂ I Z and the I-bundle over ∂Σ. We consider the double of Z along this I-bundle. This leads to the previous case.
Lemma 3.8. Let Z be a compact orientable 3-manifold, ∂ 0 Z be the union of the torus components of ∂Z, A ⊂ ∂ 1 Z = (∂Z)\(∂ 0 Z) be a collection of annuli. Suppose that Z * = Z \ (A ∪ ∂ 0 Z) has a complete hyperbolic metric with (possibly empty) totally geodesic boundary and with finite volume. Let F be (∂ 1 Z) \ A or ∂ 1 Z, and let G be a finite subgroup of Aut(F ), such that each element h of G is extendable over Z. Then there exists a group monomorphism φ :
be its extension over Z. By Theorem 3.7, there exists a unique isometry ψ(h) of Z * in the isotopy class of h ′ . Let ψ # (h) be the corresponding automorphism of
By Lemma 3.6, we can extend the G-action on F × {0, 1} over F × [0, 1], thus we get a G-action over Z which extends G < Aut(F ).
Proof of Theorem 3.1. The case when g = 0 is clear. Below we assume that g ≥ 1.
The surface e(Σ g ) is two-sided in M . We first cut M along e(Σ g ) and choose a connected component of the resulting manifold, denoted by X, which is clearly Σ 1 -splittible. Since G preserves the two sides of e(Σ g ), G naturally embeds into Aut(∂X) and every element in G is extendable over X. For each such component X, we will modify it as in the paragraph after Lemma 2.1, such that G is extendable over it. The manifold M ′ will be obtained when the boundaries of the modified components are glued back to e(Σ g ). Then G is extendable over M ′ which will satisfy M M ′ .
If X admits a nontrivial prime decomposition, then by Lemma 3.2, for each h in G there exists an element h ′ in Aut(X) such that h ′ • e = e • h and h ′ preserves the decomposition spheres. Note that ∂X lies in a single prime factor, because M is Σ 0 -splittable. We replace X by the prime factor containing ∂X, which is irreducible, and still use X to denote it. The new X is still Σ 1 -splittible.
Then by Theorem 3.3, we have a compression body V in X. For each h in G we can assume that its corresponding element h ′ in Aut(X) preserves V . Note that V is connected if and only if ∂ e V = ∂X is connected, and G acts on each component of ∂ e V . Then by Lemma 3.5, we can further deform h ′ such that the map given by h → h ′ | V from G to Aut(V ) is a group monomorphism. Namely G is extendable over V . We need to extend the action of G further onto X − V .
Let Y be a component of X − V , and let G Y be the stable subgroup of ∂Y . Since M is Σ 1 -splittible, one can prove the following property:
(1) Every torus in the interior of Y splits Y into two parts, such that ∂Y is contained in one part.
Claim. There exists a (possibly empty) collection T * = T 1 ∪ · · · ∪ T n of disjoint tori in Y , such that the components of Y \ T * are Y 0 , Y 1 . . . Y n with ∂Y ⊂ Y 0 and T i = ∂Y i . Moreover, there exists a monomorphism φ : G Y → Aut(Y 0 ), such that φ(h)|(∂Y ) = h for each h ∈ G Y , and φ(h) extends to an automorphism of Y .
If the above claim holds, we can replace each Y i , i > 1, by a solid torus as in Definition 2.2. Since φ(h) extends to an automorphism of Y for each h, φ(G Y ) is extendable over the collection of the new solid tori. Then our theorem holds. In the rest of the proof, we will prove the above claim.
By (1), either ∂Y is a torus or every connected component of ∂Y has genus bigger than one. If ∂Y is a torus, let T * consist of one parallel copy of ∂Y , and the claim is obvious.
Below we assume that every connected component of ∂Y has genus bigger than one. By Theorem 3.3, Y is irreducible and boundary irreducible. By Theorem 3.4, there is a collection of tori and annuli T cutting Y into pieces of certain types.
First of all, suppose that T contains no annulus. For each h in G Y we can assume that its corresponding element h ′ in Aut(Y ) preserves T . By (1), ∂Y belongs to a single piece Z of Y \ T , which can not be a Seifert manifold. If Z is an I-bundle over a closed surface, then it equals Y , and G Y is extendable over it by Lemma 3.6. Otherwise, after removing the boundary tori, Z admits a complete hyperbolic structure with totally geodesic boundary and with finite volume. By Lemma 3.8, G Y is extendable over Z. By (1), every component T of T bounds another piece Z ′ . We can let Y 0 = Z, and let T * = (∂Y 0 ) \ (∂Y ). Then our claim is proved in this case.
Secondly, suppose that T contains annuli. Let A be the union of the annuli. Then ∂A is a collection of disjoint embedded essential circles in ∂Y , and for each h in G Y the two collections ∂A and h(∂A) are isotopic. Hence the annuli in T can be chosen such that ∂A is preserved by G Y , which can be shown by using a G Y -invariant hyperbolic structure on ∂Y . Then for each h in G Y we can assume that its corresponding element h ′ in Aut(Y ) preserves T .
Let P be the collection of the pieces in Y \ T which are I-bundles over surfaces of negative Euler characteristic, and H be the collection of the pieces in Y \T which are hyperbolic with nonempty totally geodedic boundary. Suppose Z ∈ P ∪H, then ∂Z contains a component of genus > 1, which must intersect ∂Y . Let G Z be the stable subgroup of Z ∩ ∂Y .
If Z ∈ P, by Lemma 3.6, G Z is extendable over Z, and the extension of each h ∈ G Z over Z is unique up to isotopy. Moreover, suppose A ⊂ T is an annulus, then on at most one side of A there is a piece in P, otherwise we could extend the I-bundle structures across A to get bigger I-bundles. Let Y P be the union of all pieces in P and a tubular neighborhood of ∂Y , then G Y is extendable over Y P .
Let Y ′ = Y \ Y P , and let A ′ be the union of annuli in A which are not in Y P . Let A be a component of A ′ , and let Z ∈ H be adjacent to A. By Lemma 3.8, G Z can be extended over Z. In particular, G Z can be extended over the union of the annuli bounded by the G Z -orbit of ∂A. In this way, we can inductively extend G Y over A ′ .
Suppose Z ′ is a piece of H and T is a torus component of ∂Z ′ , then T does not contain any component of A ′ . Otherwise, Z ′ would have a totally geodesic annulus boundary comoponent, which is impossible. Hence T is not parallel to any torus in (∂Y ) ∪ A ′ , on which G Y now acts. Using Lemma 3.8 again, we can extend G Y over all pieces of H. Now let Y 0 be the union of the pieces in P ∪ H and a neighborhood of ∂Y , and let T * = (∂Y 0 ) \ (∂Y ). The claim is thus proved.
In what follows, we discuss some generalizations of Theorem 3.1.
1. We can replace Σ g by any compact connected 3-manifold N . The extendable automorphisms and extendable subgroups in Aut(N ) can be defined similarly as the surface case. The proof is almost the same, except that X should be a connected component of M − N now, and we consider the stable subgroup of ∂X in G.
We can also replace Σ g by any compact connected surface. Let Σ denote such an oriented surface. We can first extend the action of G onto an oriented I-bundle over Σ embedded in M , then extend the action of G onto a regular neighborhood of Σ. This leads to the case of compact 3-manifolds.
For a compact connected nonorientable surface Π, let Aut(Π) denote the group of automorphisms of Π, then we can define extendable automorphisms and extendable subgroups in Aut(Π) similarly. Since M is oriented, the surface e(Π) is one-sided. In M we can choose an oriented I-bundle Z over Π, and assume that for each h in G the corresponding element h ′ preserves Z and the bundle structure. Note that the ∂I-bundle ∂ I Z is the two-sheeted orientable cover of Π. Each h has two lifts in Aut(∂ I Z), and they differ by the covering transformation. Because h ′ preserves the two sides of ∂ I Z, its restriction on ∂ I Z is the orientation-preserving lift of h. Then the action of G can extend onto a regular neighborhood of Π.
Clearly we can also replace Σ g by S 1 or I. Hence we have the following result. 2. Theorem 3.9 will still hold if we add orientation-reversing automorphisms into Aut(N ) and Aut(M ) when we define "extendable". Note that the results listed after Theorem 3.1 are still valid when we add orientation-reversing elements into the groups. In the case of compact 3-manifolds, the proof is also valid. In the cases of compact surfaces, we need more discussions.
For the oriented surface Σ, we can define a map ρ : G → Z 2 such that ρ(h) = 0 if and only if the element h ′ corresponding to h preserves the two sides of e(Σ). For the nonorientable surface Π, we can define a map ρ : G → Z 2 such that ρ(h) = 0 if and only if the element h ′ corresponding to h preserves the orientation of M . Note that for Π we have an oriented I-bundle Z over it, h ′ is orientation-preserving on M if and only if its restriction on ∂ I Z is orientation-preserving.
If ρ is a group homomorphism, then the action of G can extend onto a regular neighborhood of e(Σ) (resp. e(Π)). This leads to the case of compact 3-manifolds. Otherwise, the identity on Σ (resp. Π) can extend to an automorphism of M that exchanges the two sides (resp. reverses the orientation). Then every element in G can extend to an automorphism of M that preserves the two sides (resp. preserves the orientation), and the proof can be finished as the previous case.
For periodic automorphisms, similar arguments can show the following theorem, where when N is a surface, it is possible that f has odd order while f ′ reverses the orientation of M , in which case h has order twice the order of f . 
Classification of extendable cyclic actions
In this section, we first prove Theorem 1.4. According to the theory of orbifolds, which is developed and carefully discussed in [Th] and [BMP] , two subgroups G and G ′ in Aut(Σ g ) are conjugate to each other by an automorphism f of Σ g if and only if there is an isomorphism η : G → G ′ and a homeomorphism τ : Σ g /G → Σ g /G ′ such that η • ψ = ψ ′ • τ * , where ψ and ψ ′ are the epimorphisms corresponding to G and G ′ respectively and τ * is the induced homomorphism π 1 (Σ g /G) → π 1 (Σ g /G ′ ). Moreover, f is orientation-preserving if and only if τ is orientation-preserving.
We will write the group law in the cyclic group Z m multiplicatively. In particular, the identity element in Z m will be 1. The following lemma is an easy consequence of the Chinese remainder theorem. We leave its proof to the reader.
Lemma 4.1. Let m, p, q be positive integers, where (p, q) = 1. Let h be a generator of the group Z mpq . Then for any elements a, b in Z mpq with orders p, q respectively, there is an automorphism η of Z mpq such that η(a) = h mq and η(b) = h mp .
Lemma 4.2. Let F be the 2-orbifold having underlying space Σ r and s singular points of indices n 1 , · · · , n s . According to Figure 1 , π 1 (F ) has the presentation Let ψ : π 1 (F ) → Z m be a finitely-injective epimorphism, and h be a generator of Z m . Then there is an automorphism τ of F such that ψ • τ * (α 1 ) = h, ψ • τ * (α i ) = 1 for 2 ≤ i ≤ r, ψ • τ * (β i ) = 1 for 1 ≤ i ≤ r, and ψ • τ * (γ j ) = ψ(γ j ) for 1 ≤ j ≤ s.
Proof. If r = 0, then let τ be the identity. Below we will assume that r ≥ 1. Note that we do not need to consider the base point, because Z m is abelian. In fact, ψ factors through H 1 (F ), so we often abuse the notation by regarding ψ as a map H 1 (F ) → Z m . We will also use α i , β i , γ j , 1 ≤ i ≤ r, 1 ≤ j ≤ s to denote the loops presenting them.
Let n be the least common multiple of n 1 , · · · , n s . Since ψ is injective on finite subgroups of π 1 (F ), the subgroup of Z m generated by ψ(γ 1 ), · · · , ψ(γ s ) has order n. Below we will consider slides and Dehn twists on F along the loops α i and β i for 1 ≤ i ≤ r. Figure 2 shows the sketch of slides, where we omit the indices of the singular points. The left two pictures indicate the slide of singular points, and the right two pictures indicate the slide of handles.
If m = n, then ψ is surjective on γ 1 , · · · , γ s . Each singular point of F can slide along the loop α i or β i . Consider the singular point corresponding to γ k . The slide of it along α i will change ψ(β i ) to ψ(β i γ ±1 k ) and not affect the ψ(β j ) with j = i, ψ(α j ) with 1 ≤ j ≤ r and ψ(γ j ) with 1 ≤ j ≤ s. Similarly, the slide of it along β i Figure 2 . Slide of singular points and slide of handles will only affect ψ(α i ). Hence we can change ψ(α i ) and ψ(β i ) for 1 ≤ i ≤ r to the required values, and τ can be a composition of slides of singular points.
If m > n, then we also need slides of handles and Dehn twists. The Dehn twist along α i will change ψ(β i ) to ψ(β i α ±1 i ) and not affect the ψ(β j ) with j = i, ψ(α j ) with 1 ≤ j ≤ r and ψ(γ j ) with 1 ≤ j ≤ s. Similarly, the Dehn twist along β i will only affect ψ(α i ). Hence we can change ψ(α i ) for 1 ≤ i ≤ r to 1 by Dehn twists. Each handle corresponds to {α k , β k } can slide along the loop α i where i = k. The slide will change ψ(β i ) to ψ(β i β ±1 k ) and not affect the ψ(β j ) with j = i, ψ(α j ) with j = k and ψ(γ j ) with 1 ≤ j ≤ s. It will also not affect ψ(α k ) if each ψ(α j ) is 1. So we can further change ψ(β i ) for 2 ≤ i ≤ r to 1 by slides of handles. Now ψ(β 1 ) is a generator of Z m since m > n. We can change ψ(α 1 ) to the given generator h by Dehn twists along β 1 , then change ψ(β 1 ) to 1 by Dehn twists along α 1 . Hence by the Dehn twists, the slides of handles, and the slides of singular points, we can change ψ(α i ) and ψ(β i ) for 1 ≤ i ≤ r to the required values, and τ can be a composition of slides of singular points, slides of handles and Dehn twists.
Proof of Theorem 1.4. We first show the "only if" part. Suppose that G is a finite cyclic subgroup in Aut(Σ g ) that is extendable over S 3 . By the results in [Pe] , we can assume that the monomorphism φ maps G into SO(4). Then we can obtain an embedding of a 2-orbifold F = Σ g /G in the spherical 3-orbifold O = S 3 /φ(G).
We can identify S 3 with the set {(z 1 , z 2 ) ∈ C 2 | |z 1 | 2 + |z 2 | 2 = 1}. Let h be a generator of G. Then we can assume that φ(h) has the form φ(h) : (z 1 , z 2 ) → (e iθ1 z 1 , e iθ2 z 2 ).
Suppose that G has order n, then there exist integers l 1 and l 2 such that θ 1 = 2πl 1 /n and θ 2 = 2πl 2 /n. Note that the greatest common divisor of l 1 , l 2 , n is 1, otherwise the order of G is smaller that n. Assume that neither z 1 nor z 2 is zero and there exists a positive integer k such that φ(h) k ((z 1 , z 2 )) = (z 1 , z 2 ). Then n | k, and this means that the image of (z 1 , z 2 ) in O is a regular point. The image of (z 1 , 0) (resp. (0, z 2 )) in O has index (l 1 , n) (resp. (l 2 , n)). Hence it is singular if and only if the corresponding greatest common divisor is bigger than one.
Let p = (l 1 , n) and q = (l 2 , n), then (p, q) = 1. The singular set of O consists of at most two circles with indices p and q. Clearly n 1 , · · · , n s ∈ {p, q}, and each of p and q is valued even times, because F separates O. Then the singular points of F in each singular circle can be partitioned into pairs such that the conditions (b) and (c) in Theorem 1.4 are satisfied.
Then we show the "if" part. Suppose the orbifold F = Σ g /G and the finitelyinjective epimorphism ψ satisfy the three conditions (a), (b), (c) in Theorem 1.4. By (a), each ψ(γ k ) is either an element of order p or an element of order q. By (b), all the ψ(γ k ) with order p (resp. q) have at most two possible values. Then by (c) and Lemma 4.1, the values of ψ(γ k ) can be determined, up to automorphisms of G. Note that there exist automorphisms of F that exchange any two singular points in F with the same index. Then combined with Lemma 4.2, up to conjugacy, we can assume that ψ satisfies the following conditions.
(1) ψ(α 1 ) = h, ψ(α i ) = 1 for 2 ≤ i ≤ r, ψ(β i ) = 1 for 1 ≤ i ≤ r;
(
Here h is a generator of G; s 1 , s 2 ≥ 0 are two integers such that 2s 1 + 2s 2 = s. Since ψ is finitely-injective, we have an integer m such that mpq equals the order of G, where p = 1 (resp. q = 1) if s 1 = 0 (resp. s 2 = 0).
Hence, when F is a torus with no singular points, up to conjugacy, the G-action on Σ 1 is determined by the order of G, and it is extendable over S 3 ; otherwise, up to conjugacy, the G-action on Σ g is completely determined by Σ g /G, and we need to show that such a G-action is extendable over S 3 .
For any 2-orbifold F and finitely-injective epimorphism ψ : π 1 (F ) → Z n that satisfy conditions (a), (b) and (c), we will construct an extendable cyclic action of order n in Example 4.3 such that its corresponding orbifold is F . By the "only if" part, this new action also satisfies the three conditions, and hence is conjugate to the G-action by the above arguments. Since in Example 4.3 all the surfaces in S 3 are Heegaard surfaces, we have the "moreover" part of Theorem 1.4.
Example 4.3. Let F be the 2-orbifold having underlying space Σ r , 2s 1 singular points of index p, and 2s 2 singular points of index q, where s 1 , s 2 are nonnegative integers, p, q are co-prime positive integers, and s 1 = 0 (resp. s 2 = 0) if and only if p = 1 (resp. q = 1). There exists a finitely-injective epimorphism ψ : π 1 (F ) → Z n if and only if one of the following conditions holds.
(1) r = 0 and n = pq;
(2) r ≥ 1 and n = mpq for some positive integer m.
In each case, we will construct a Z n -action on a closed surface below such that its corresponding orbifold is homeomorphic to F . The action is extendable over S 3 and its corresponding embedded surface is a Heegaard surface.
We identify S 3 with the set {(z 1 , z 2 ) ∈ C 2 | |z 1 | 2 + |z 2 | 2 = 1}. Let θ q m = 2π/mq and θ p m = 2π/mp. Then let h p,q m be the isometry of S 3 defined by h p,q m : (z 1 , z 2 ) → (e iθ q m z 1 , e iθ p m z 2 ).
Clearly h p,q m has order mpq. Let T be the set {(z 1 , z 2 ) ∈ S 3 | |z 1 | = |z 2 |}. Then T is a torus in S 3 , which is invariant under the action of h p,q m . Let ǫ be a sufficiently small positive number, for example ǫ < (100n(s 1 + 1)(s 2 + 1)) −1 .
In the case of (1), we connect the point ( √ 2/2, √ 2/2) to the points (e ikǫ , 0) and (0, e ilǫ ) for 1 ≤ k ≤ s 1 and 1 ≤ l ≤ s 2 by the shortest geodesics in S 3 . The left picture in Figure 3 shows a sketch of the construction. The union of the orbits of these geodesics under the action of h p,q 1 forms a graph Γ p,q s1,s2 . Then we can choose an invariant regular neighborhood of Γ p,q s1,s2 . Denote its boundary by Σ p,q s1,s2 . Then the orbifold Σ p,q s1,s2 / h p,q 1 is homeomorphic to F . In the case of (2), we connect (e ikǫ √ 2/2, √ 2/2) to (e ikǫ , 0) for 1 ≤ k ≤ s 1 , and connect ( √ 2/2, e ilǫ √ 2/2) to (0, e ilǫ ) for 1 ≤ l ≤ s 2 , by the shortest geodesics in S 3 . The right picture in Figure 3 shows a sketch of the construction. The union of the orbits of these geodesics under the action of h p,q m forms a graph Γ p,q s1,s2,m , which is not connected in general. We choose sufficiently small disjoint spheres centred at the vertices of degree bigger than one. For each edge of the graph we can make a tube along it connecting the small spheres to the torus T . Then we can obtain a closed surface which is invariant under the action of h p,q m . At each point in the orbit of ( √ 2/2, √ 2/2) we can add r − 1 local handles to the surface equivariantly. Denote the result by Σ p,q,r s1,s2,m . Then Σ p,q,r s1,s2,m / h p,q m is homeomorphic to F . Note that the surfaces Σ p,q s1,s2 and Σ p,q,r s1,s2,m are all Heegaard surfaces. Hence the h p,q 1 -action on Σ p,q s1,s2 and the h p,q m -action on Σ p,q,r s1,s2,m give all extendable finite cyclic actions on Σ g stated in Theorem 1.4. By the Riemann-Hurwitz formula,
Since (p, q) = 1 and pq | n, for a given g we can find all solutions (n, p, q, r, s 1 , s 2 ) by enumeration. Especially, when s 1 = s 2 = 0 we obtain the standard forms of the free finite cyclic actions on Σ g , which correspond to the factors of g − 1.
Remark 4.4. Note that for a finite cyclic subgroup G in Aut(Σ g ) that is extendable over S 3 , the generators of G are not conjugate to each other in general. Let ψ be the finitely-injective epimorphism. For two generators h 1 and h 2 in G, let η be the automorphism of G such that η(h 1 ) = h 2 . Then h 1 and h 2 are conjugate to each other if and only if η
Hence the classification of orientation-preserving periodic automorphisms of Σ g that are extendable over S 3 needs a little more work.
As the end of the paper, we give some examples and questions as illustrations and supplements to our theorems.
Example 4.5. Let Z be the complement of an open regular neighborhood of the figure eight knot in S 3 . Then ∂Z is a torus, which admits a translation of arbitrarily large order. On the other hand, Z −∂Z admits a complete hyperbolic structure with finite volume (see [Th] ). The orders of periodic automorphisms of it are bounded.
Clearly a translation of ∂Z is extendable over Z. But if its order is large enough, then the group generated by it is not extendable over Z. Let G be such a group. Then under the above embedding of ∂Z in S 3 , G is not extendable. However, we can replace Z by a solid torus such that the result manifold is still a S 3 and G is extendable over it. Namely there is another embedding of ∂Z in S 3 such that G is extendable over S 3 .
Examples about surfaces of high genera can be obtained by adding handles onto the closed regular neighborhood of the figure eight knot, as in Figure 4 . The surface constructed in this way is compressible in each sides.
Example 4.6. We give two periodic automorphisms of the handlebody of genus four, which are not extendable over S 3 . However, it is not so easy to prove this fact without Theorem 1.3 and Theorem 1.4.
Figure 5. Actions on the handlebody of genus four
We first consider the handlebody with two 0-handles V 1 , V 2 and five 1-handles E i for 1 ≤ i ≤ 5. We will construct a periodic automorphism f of order five. It is a 2π/5-rotation on V 1 , is a 4π/5-rotation on V 2 , and permutes the five 1-handles such that f (E i ) = E i+1 for 1 ≤ i ≤ 4. Then we can equivariantly attach the five 1-handles onto V 1 and V 2 such that each E i is adjacent to both of V 1 and V 2 . See the left picture in Figure 5 . This gives an order five periodic automorphism of the handlebody of genus four. Intuitively, it is not extendable over S 3 , because the "rotation speeds" of the two 0-handles are different. In view of our theorems, the condition (b) in Theorem 1.4 is not satisfied.
Then consider the handlebody with three 0-handles V 1 , V 2 , V 3 and six 1-handles E i for 1 ≤ i ≤ 6. We will construct a periodic automorphism f of order six. It is a 2π/6-rotation on V 3 and it exchanges V 1 and V 2 . Its square preserves V 1 and V 2 , and is a 2π/3-rotation on them. It permutes the six 1-handles such that f (E i ) = E i+1 for 1 ≤ i ≤ 5. Then we can equivariantly attach the six 1-handles onto V 1 , V 2 , V 3 such that each of E 1 , E 3 , E 5 is adjacent to both of V 1 and V 3 , and each of E 2 , E 4 , E 6 is adjacent to both of V 2 and V 3 . See the right picture in Figure 5 . This gives an order six periodic automorphism of the handlebody of genus four. Intuitively, it is not extendable over S 3 , because V 1 and V 2 can not be exchanged. In the view of our theorems, the condition (a) in Theorem 1.4 is not satisfied.
Example 4.7. By the result in [WWZZ] , the maximum order of finite subgroups in Aut(Σ g ) that are extendable over S 3 is 6(g − 1) when g is 21 or 481. Moreover, the corresponding embedded surfaces of such groups cannot be Heegaard surfaces. Hence, the "moreover" part of Theorem 1.4 does not hold for general finite group actions. Below we will give an explicit example about Σ 21 .
Consider two spheres in R 3 centered at the origin with radii 1/2 and 2. Project a regular dodecahedron centered at the origin onto the spheres, and denote the two images by P 1 and P 2 , where P 2 is the larger one. Clearly the orientation-preserving isometries of the dodecahedron preserves P 1 ∪ P 2 . Consider the composition of the inversion about the unit sphere and a refection about a plane containing the origin. We can choose the plane such that the composition preserves P 1 ∪ P 2 . Then all these elements preserving P 1 ∪ P 2 generate a group of order 120, denoted by G.
Clearly G can act on S 3 . Let v and w be adjacent vertices in the dodecahedron, and let v 1 , w 1 and v 2 , w 2 be their corresponding vertices in P 1 and P 2 . Then we can choose an arc connecting v 1 and w 2 such that its images under the action of G only meet at vertices of P 1 and P 2 . The union of these image arcs is a graph with genus 21. It has a regular neighborhood N that is preserved by the action of G. Then G also preserves ∂N which is homeomorphic to Σ 21 .
Question 4.8. If we admit orientation-reversing automorphisms (of Σ g or S 3 ), how to classify the periodic automorphisms of Σ g that is extendable over S 3 ? can the corresponding embedded surface always be a Heegaard surface?
